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Abstract
The ﬂow of a slowly varying rivulet of a power-law ﬂuid with prescribed constant width (i.e. with pinned
contact lines) but slowly varying contact angle down a slowly varying substrate, speciﬁcally the ﬂow
in the azimuthal direction around the outside of a large horizontal circular cylinder, is described. The
solution for a rivulet of a perfectly wetting ﬂuid (which can never have constant width) is obtained,
and it is shown that, despite having the same local behaviour, the global behaviour of a rivulet of
a non-perfectly wetting ﬂuid is qualitatively very diﬀerent from that of a rivulet with prescribed
constant contact angle but slowly varying width. Speciﬁcally, it is described how the contact lines of
a suﬃciently narrow rivulet can remain pinned as it drains all the way from the top to the bottom of
the cylinder, but how the contact lines of a wider rivulet de-pin at a critical position on the lower half
of the cylinder, and how thereafter it drains to the bottom of the cylinder with zero contact angle and
slowly varying width. How the shape of the rivulet and the velocity within it depend on the power-law
index N is described in detail. In particular, it is shown that whereas neither the shape of the rivulet
nor the velocity within it vary monotonically with N , its mass always decreases monotonically with
N . Despite the limitations of the power-law model, the present results provide rare analytical insight
into non-Newtonian rivulet ﬂow, and, in particular, are a useful benchmark for the study of rivulet
ﬂow of more realistic non-Newtonian ﬂuids.
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1. Introduction
Rivulets of viscous ﬂuid occur in many practical contexts, including coating processes (see, for
example, Fraysse and Homsy [1]), geophysical ﬂows of lava, ice and mud (see, for example, Balmforth,
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Craster and Sassi [2]), heat exchangers and trickle-bed reactors (see, for example, Nawrocki and
Chuang [3]), the production of microbubbles (see, for example, Herrada et al. [4]), and rain–wind–
induced vibrations of the cables of cable-stayed bridges (see, for example, Robertson et al. [5]).
Despite the fact that in many practical situations non-Newtonian properties of the ﬂuid play an
important role, much of the research on rivulet ﬂow has, perhaps understandably, concerned the
special case of a Newtonian ﬂuid. (In the absence of a recent review article, see the representative
selection of previous work [6]–[28] and the references therein.) Exceptions to this include the work of
Rosenblat [29] on rivulet ﬂow of an elastic ﬂuid, and of Balmforth, Craster and Sassi [2] and Wilson,
Duﬀy and Ross [30] on rivulet ﬂow of a viscoplastic ﬂuid, as well as that of Wilson and Burgess [31],
Wilson, Duﬀy and Hunt [32], and Yatim, Duﬀy and Wilson [33] on non-uniform rivulets of a power-
law ﬂuid. There has, of course, been considerable work on other closely related free surface ﬂows of
non-Newtonian ﬂuids (see, for example, the recent work [34]–[43]).
Recently Al Mukahal, Duﬀy and Wilson [44] obtained the solution for unidirectional steady gravity-
driven ﬂow of a thin rivulet of a power-law ﬂuid with prescribed volume ﬂux down a planar substrate,
and then used it to describe the ﬂow of a slowly varying rivulet of a power-law ﬂuid with prescribed
constant contact angle but slowly varying width down a slowly varying substrate. In the present work
we show how this solution (together with the corresponding solution for a rivulet of a perfectly wetting
ﬂuid, which we obtain here for the ﬁrst time) can also be used to describe the ﬂow of a slowly varying
rivulet of a power-law ﬂuid with prescribed constant width (i.e. with pinned contact lines) but slowly
varying contact angle down a slowly varying substrate, speciﬁcally the ﬂow in the azimuthal direction
around the outside of a large horizontal circular cylinder. Pinned contact lines are likely to occur when
the substrate is relatively rough, and rivulets with constant width may result from the manner in which
the ﬂuid is initially deposited onto the substrate (e.g. rapid pouring onto the substrate) and/or the
texture of the substrate (e.g. a smooth stripe on a rough substrate). In particular, we show that the
global behaviour of the rivulet is qualitatively very diﬀerent from that described by Al Mukahal et al.
[44].
2. Rivulet flow down a planar substrate
In the present work we shall be concerned with ﬂow of an incompressible power-law ﬂuid with velocity
u and pressure p for which the extra stress σ is related to the rate of strain e = 12
(∇u+ (∇u)T) by
σ = 2µ(q)e, where µ(q) = µNq
N−1 is the shear-rate-dependent viscosity, q =
(
2 tr(e2)
)1/2
is the shear
rate, and the power-law index N and the consistency parameter µN are constants. The ﬂuid is shear
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thinning when 0 < N < 1 and shear thickening when N > 1; the special case N = 1 corresponds to
a Newtonian ﬂuid with constant viscosity µ1. Mass conservation and momentum balance for such a
ﬂuid take the forms
∇ · u = 0, ρDu
Dt
= −∇p+ ρg + µN∇ ·
(
qN−1
(∇u+ (∇u)T)) , (1)
where ρ, g and t denote the ﬂuid density, acceleration due to gravity, and time, respectively.
First we consider unidirectional steady gravity-driven ﬂow of a thin uniform rivulet of a power-law
ﬂuid with prescribed volume ﬂux down a planar substrate inclined at an angle α (0 ≤ α ≤ π) to
the horizontal. Referred to the natural Cartesian coordinates Oxyz (with the x-axis down the line of
greatest slope of the substrate, the z axis normal to the substrate, and the origin on the substrate at
the centre of the rivulet) the substrate is at z = 0. The free surface of the rivulet is denoted by z = h,
the semi-width of the rivulet by a, and the contact angle by β (≥ 0).
We non-dimensionalise and scale the variables by writing
y = ℓy∗, a = ℓa∗, z = ǫℓz∗, h = ǫℓh∗, β = ǫβ∗,
u = Uu∗, p = pa + ρgǫℓp
∗, q =
U
ǫℓ
q∗, µ = µ¯µ∗, Q = ǫℓ2UQ∗,
(2)
where ℓ = (γ/ρg)1/2 is the capillary length, in which γ is the coeﬃcient of surface tension of the ﬂuid,
ǫ (≪ 1) is the transverse aspect ratio, U = (ρgǫN+1ℓN+1/µN )1/N is the appropriate velocity scale, pa
is the atmospheric pressure, µ¯ = µN (U/ǫℓ)
N−1 = (µN (ρgǫℓ)
N−1)1/N is the appropriate viscosity scale,
and Q is the volume ﬂux of ﬂuid along the rivulet. In general, there is some freedom in the deﬁnition of
ǫ. For the present problem it is most convenient to deﬁne ǫ in terms of the prescribed value of the ﬂux,
Q = Q¯, according to ǫ = (µN Q¯
N/ρgℓ3N+1)1/(2N+1), in which case U = (ρgQ¯N+1/µNℓ
N+1)1/(2N+1),
corresponding to taking Q¯∗ = 1 without loss of generality. In particular, equation (2) then shows that
the thickness of the rivulet varies with the volume ﬂux according to simply h ∝ Q¯N/(2N+1). Note
that a diﬀerent choice of ǫ, namely ǫ = β, in which case U = (ρgβN+1ℓN+1/µN )
1/N , corresponding to
taking β∗ = 1 without loss of generality, was made by Al Mukahal et al. [44]. From now on we use
non-dimensional quantities (with the stars omitted, for clarity).
It may be shown straightforwardly that, at leading order in ǫ, the velocity is due to a longitudinal
balance of gravity and viscous eﬀects and is of the form u = u(y, z)i with
u =
N
N + 1
(sinα)
1
N
(
h
N+1
N − (h− z)N+1N
)
, (3)
the pressure p = p(z) is given by
p = cosα(h− z)− h′′, (4)
3
and the cross-sectional free surface proﬁle h = h(y) is due to a transverse balance of gravity and
surface-tension eﬀects and satisﬁes the ordinary diﬀerential equation
(h′′ − sgn(cosα)m2h)′ = 0 (5)
subject to the boundary conditions
h = 0 and h′ = ∓β at y = ±a, (6)
where for later convenience we have deﬁned m =
√
| cosα| and a prime denotes diﬀerentiation with
respect to y. The volume ﬂux of ﬂuid along the rivulet is given by
Q =
∫ a
−a
∫ h
0
u dz dy =
N
2N + 1
(sinα)
1
N
∫ a
−a
h
2N+1
N dy. (7)
3. Rivulet flow down a slowly varying substrate
Equations (3)–(7) describe the unidirectional ﬂow of a uniform rivulet of a power-law ﬂuid down a
planar substrate. However, they also provide the leading order description of the locally unidirectional
ﬂow of a slowly varying rivulet down a slowly varying substrate. In particular, they provide the leading
order description of the ﬂow in the azimuthal direction of a slowly varying rivulet around the outside
of a large horizontal cylinder. It is rivulets of this type that we consider in the remainder of the present
work (although other interpretations, such as, for example, ﬂow down a slowly undulating substrate,
are also possible). Speciﬁcally, we consider the situation in which both the azimuthal aspect ratio,
ℓ/R ≪ ǫ, and the appropriately deﬁned reduced Reynolds number, ργǫ4ℓ2/µ¯2R ≪ 1, are suﬃciently
small, where R is the radius of the cylinder. In particular, both of these conditions are satisﬁed if the
cylinder is suﬃciently large.
Figure 1 shows a sketch of a narrow slowly varying rivulet with prescribed ﬂux Q = Q¯ (= 1) with
prescribed constant semi-width a = a¯ (< π) and slowly varying contact angle β (> 0) (i.e. pinned
contact lines all the way around the cylinder) draining from the top (α = 0) to the bottom (α = π)
of a large horizontal cylinder. However, in their analysis of this situation for a Newtonian ﬂuid,
Paterson et al. [25, Sec. 4] showed that a rivulet can have constant width all the way around the
cylinder only if the rivulet is suﬃciently narrow (speciﬁcally only if a¯ ≤ π), and that for a wider
rivulet (speciﬁcally for a¯ > π) there is a critical value of α on the lower half of the cylinder, denoted
by αdepin (π/2 < αdepin < π) and given by
αdepin = cos
−1
(
−π
2
a¯2
)
for a¯ > π, (8)
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Figure 1: Sketch of a narrow slowly varying rivulet with prescribed flux Q = Q¯ (= 1) with prescribed constant semi-
width a = a¯ (< π) and slowly varying contact angle β (> 0) draining from the top (α = 0) to the bottom (α = π) of a
large horizontal cylinder.
5
?
Q¯
?
Q¯
  
αdepin
?
g
Figure 2: As in Figure 1, except for a wide rivulet with prescribed constant semi-width a = a¯ (> π) and slowly varying
contact angle β in 0 ≤ α ≤ αdepin, but with zero contact angle β = 0 and slowly varying semi-width a = π/m (π ≤ a ≤ a¯)
in αdepin ≤ α ≤ π.
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at which the contact angle is equal to zero, β = 0, and beyond which there is no physically realisable
solution with constant semi-width a = a¯. [Note that αdepin decreases monotonically with a¯, satisfying
αdepin = π + O((a¯ − π)1/2) → π− as a¯ → π+ and αdepin = π/2 + O
(
a¯−2
) → π/2+ as a¯ → ∞.]
For their problem, Paterson et al. [25] assumed that the contact lines de-pin at α = αdepin and that
thereafter the rivulet drains from α = αdepin to the bottom of the cylinder with zero contact angle
β = 0 and slowly varying semi-width a. [Of course, this behaviour is a special case of the more general
scenario in which a rivulet with prescribed constant width de-pins and possibly re-pins at a prescribed
non-zero value of the contact angle. This situation was also analysed by Paterson et al. [25, Sec. 6]
for a Newtonian ﬂuid, but for brevity is not pursued here.] An important observation is that since
(8) does not depend on viscous eﬀects, it also holds for the present case of a power-law ﬂuid (and
indeed, for any generalised Newtonian ﬂuid), and hence the same de-pinning of a wide rivulet occurs
in the present problem. Figure 2 shows a sketch of a wide rivulet with prescribed constant semi-width
a = a¯ (> π) and slowly varying contact angle β in 0 ≤ α ≤ αdepin (i.e. pinned contact lines on the
upper part of the cylinder), but with zero contact angle β = 0 and slowly varying semi-width a = π/m
(π ≤ a ≤ a¯) in αdepin ≤ α ≤ π (i.e. de-pinned contact lines on the lower part of the cylinder). Thus in
Sec. 4 we obtain the solution for the special case of a rivulet of a perfectly wetting power-law ﬂuid (i.e.
a rivulet with zero contact angle), and then in Sec. 5 we use this solution, together with the solution
previously obtained by Al Mukahal et al. [44] for the general case of a rivulet of a non-perfectly wetting
power-law ﬂuid, to provide the complete description of the rivulets sketched in Figures 1 and 2.
4. A rivulet of a perfectly wetting fluid (β = 0)
In the special case of a perfectly wetting ﬂuid (β = 0) equations (5) and (6) have no solution for h
on the upper half of the cylinder (i.e. for 0 ≤ α ≤ π/2), but on the lower half (i.e. for π/2 < α ≤ π)
they have the simple solution
a =
π
m
, h =
hm
2
(1 + cosmy) , (9)
where hm denotes the (as yet unknown) maximum thickness of the rivulet, which occurs at y = 0.
In particular, the solution (9) shows that the semi-width a varies with α (i.e. that a slowly varying
rivulet of a perfectly wetting ﬂuid can never have constant width). The maximum velocity, denoted
by umax, occurs at y = 0 and z = hm and is given by
umax =
N
N + 1
(
sinαhN+1m
) 1
N . (10)
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Figure 3: Plot of κN given by (13) as a function of N , together with its asymptotic value (8/3π)
1/2 ≃ 0.92132 in the
limit N →∞.
To complete the solution we must determine hm appearing in (9). Performing the quadrature in (7)
with h given by (9) we ﬁnd that the ﬂux Q is given by
Q =
2
√
πN Γ
(
5N + 2
2N
)
(2N + 1)Γ
(
3N + 1
N
) (sinα) 1N
m
h
2N+1
N
m =
2N
2N + 1
B
(
1
2
,
5N + 2
2N
)
(sinα)
1
N
m
h
2N+1
N
m , (11)
where Γ and B denote the Gamma and Beta functions, respectively. Prescribing the value of the ﬂux
to be Q = Q¯ = 1 yields
hm = κN
(
mN
sinα
) 1
2N+1
, (12)
where we have introduced κN deﬁned by
κN =


(2N + 1)Γ
(
3N + 1
N
)
2
√
πN Γ
(
5N + 2
2N
)


N
2N+1
=
[
2N
2N + 1
B
(
1
2
,
5N + 2
2N
)]
−
N
2N+1
. (13)
Equations (9) and (12) show that, although both a and the form of the cross-sectional free surface
proﬁle of the rivulet are independent of N , its size (and, in particular, its maximum thickness hm)
depends on N via the ﬂux. Figure 3 shows a plot of κN given by (13) as a function of N , and illustrates
that κN satisﬁes
κN = 1− 1
2
log
(
4πN3
)
N +O(N logN)2 → 1+ (14)
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Figure 4: Plots of the maximum thickness hm of a rivulet of a perfectly wetting fluid given by (12) as a function of α/π
for N = 1/100, 1/30, 1/10, 1/2, 1 (thicker curve), 2 and 10, together with the asymptotic solutions hm ∼ 1/ sinα in the
limit N → 0+ (dashed curve), and hm ∼ (8/3π)1/2(− cosα)1/4 in the limit N →∞ (dotted curve).
as N → 0+, increases to a maximum 1.27197 at N ≃ 0.24090, takes the value (24/5π)1/3 ≃ 1.15176 at
N = 1, and thereafter decreases monotonically, satisfying
κN =
(
8
3π
)1/2 [
1 +
3 ln 6π − 4
12N
+O
(
1
N2
)]
→
(
8
3π
)1/2+
≃ 0.92132+ (15)
as N → ∞. In particular, when N = 1 equation (12) reduces to the solution in the special case of a
Newtonian ﬂuid given by Duﬀy and Wilson [11], namely hm = (24m/(5π sinα))
1/3.
Figure 4 shows plots of hm given by (12) as a function of α/π for a range of values of N , illustrating
that in all cases hm increases monotonically with α, and that the rivulet becomes wide and shallow at
the middle of the cylinder according to
hm ∼ κN
(
α− π
2
) N
2(2N+1) → 0+, a ∼ π
(
α− π
2
)
−
1
2 →∞ (16)
in the limit α→ π/2+, and that it becomes thick and of ﬁnite width near the bottom of the cylinder
according to
hm ∼ κN (π − α)−
1
2N+1 →∞, a = π + π
4
(α− π)2 +O (α− π)4 → π+ (17)
in the limit α → π−. Furthermore, hm ∼ 1/ sinα in the limit of a strongly shear-thinning ﬂuid,
N → 0+, and hm ∼ (8/3π)1/2(− cosα)1/4 in the limit of a strongly shear-thickening ﬂuid, N → ∞;
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Figure 5: Plots of the cross-sectional free surface profile h of a rivulet of a perfectly wetting fluid given by (9) as a
function of y at α = 11π/20, 12π/20, . . . , 19π/20 for (a) N = 1/2 and (b) N = 2.
these asymptotic solutions are also included in Figure 4. Figure 4 also shows that the variation of hm
is not monotonic in N , in the sense that at any ﬁxed value of α, hm increases with N to a maximum
value, and thereafter decreases monotonically with N .
Figure 5 shows plots of h given by (9) as a function of y at various stations around the cylinder for
N = 1/2 and N = 2, and Figure 6 shows contour plots of h in the (y, α/π) plane for the same values
of N . In particular, Figures 5 and 6 illustrate that the forms of the rivulets for diﬀerent values of N
are qualitatively similar.
Figure 7 shows contour plots of the velocity u given by (3) when α = 3π/4 for N = 1/10 and N = 10,
and shows that in the limits N → 0 and N → ∞ the velocity has the same qualitative behaviour as
that described by Al Mukalal et al. [44] for a rivulet of a non-perfectly wetting ﬂuid. In particular,
Figure 7(a) illustrates that in the limit N → 0 we have
u ∼ Nh(h sinα) 1N ∼ m sinα
2
√
πN
(
1 + cosmy
2
) 1+N
N
(18)
except in a narrow boundary layer near the substrate, and hence that the ﬂow “self-channels” down a
narrow central channel deﬁned by h > 1/ sinα with semi-width
1
m
(
2N log
m2 sin4 α
4πN3
) 1
2
(≪ 1) (19)
between two “leve´es” of slowly moving ﬂuid. In the particular case shown in Figure 7(a) the channel is
deﬁned by h >
√
2 ≃ 1.41421 and has semi-width 0.86475. On the other hand, Figure 7(b) illustrates
that in the limit N → ∞ there is a simple linear velocity proﬁle u → z except in a narrow boundary
layer near the free surface. Figure 8 shows a plot of umax, namely
umax =
N
N + 1
(sinα)
1
2N+1κ
N+1
N
N m
N+1
2N+1 , (20)
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Figure 6: Contour plots of the free surface h of a rivulet of a perfectly wetting fluid given by (9) in the (y, α/π) plane
for (a) N = 1/2 and (b) N = 2. The contours are drawn at intervals of 1/4 up to a maximum value of h = 10 in both
cases.
−4 −2 2 4
0.5
1
1.5
y
z
(a)
−4 −2 2 4
0.5
1
1.5
y
z
(b)
Figure 7: Contour plots of the velocity u of a rivulet of a perfectly wetting fluid given by (3) when α = 3π/4 (in which
case a = π/m ≃ 3.73600) for (a) N = 1/10 (for which hm ≃ 1.61671) and (b) N = 10 (for which hm ≃ 0.89530). The
contour interval is 0.1 in both parts of the Figure.
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Figure 8: Plot of the maximum velocity umax of a rivulet of a perfectly wetting fluid given by (20) as a function of α/π for
N = 1/30, 1/10, 1/2, 1 (thicker curve), 2, 10, 30 and 100, together with the asymptotic solutions umax ∼ m sinα/(2
√
πN)
in the limit N → 0, drawn for the case N = 1/30 (dashed curve), and umax = (8m/3π)1/2 in the limit N → ∞ (dotted
curve).
as a function of α/π for a range of values of N , showing that umax varies non-monotonically with both
α and N . In particular, for any ﬁxed value of N , umax increases from zero at α = π/2 to a maximum
value, and then decreases back to zero at α = π, while at any ﬁxed value of α, umax decreases from ∞
(speciﬁcally, umax ∼ m sinα/(2
√
πN) → ∞ as N → 0+) to a minimum value, and then increases to
(8m/3π)1/2 as N →∞, taking the value umax = 2(9m2 sinα/(25π2))1/3 when N = 1; these asymptotic
solutions (the former drawn for the case N = 1/30) are also included in Figure 8.
The mass of the rivulet, denoted by M and non-dimensionalised by ρǫℓ2R, where R is the radius of
the cylinder, is given by
M =
∫ π
π/2
∫ a
−a
hdy dα =
∫ π
π/2
πhm
m
dα = πκN
∫ π
π/2
(
(− cosα)N+12 sinα
)
−
1
2N+1
dα, (21)
leading to
M =
π
2
κN B
(
N
2N + 1
,
3N + 1
4(2N + 1)
)
. (22)
Figure 9 shows a plot of M as a function of N , illustrating that M decreases monotonically with N ,
satisfyingM ∼ π/(2N)→∞ in the limit N → 0+,M = (3π2/5)1/3 B(1/3, 1/3) ≃ 9.58854 when N = 1
(in agreement with equations (9) and (10) of Paterson et al. [25]), and M → (2π/3)1/2 B(1/2, 3/8)+ ≃
5.58013+ in the limit N →∞.
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Figure 9: Plot of the mass of a rivulet of a perfectly wetting fluid, M , given by (22) as a function of N , together with
its asymptotic value (2π/3)1/2 B(1/2, 3/8) ≃ 5.58013 in the limit N →∞.
5. A rivulet of a non-perfectly wetting fluid (β > 0)
In the general case of a non-perfectly wetting ﬂuid (β > 0) the solution of (5) and (6) for h is exactly
the same as that for a Newtonian ﬂuid (see, for example, Duﬀy and Moﬀatt [8]), namely
h = β ×


coshma− coshmy
m sinhma
if 0 ≤ α < π
2
,
a2 − y2
2a
if α =
π
2
,
cosmy − cosma
m sinma
if
π
2
< α ≤ π.
(23)
It may be shown that, whereas for 0 ≤ α ≤ π/2 the solution (23) is valid for any ma ≥ 0, for
π/2 < α ≤ π it is physically realisable only if 0 ≤ ma < π. The maximum thickness of the rivulet,
hm, is obtained by setting y = 0 in (23). As in the special case of a perfectly wetting ﬂuid described
in Sec. 4, although the form of the cross-sectional free surface proﬁle of the rivulet is independent of
N , its size (and, in particular, its contact angle β) depends on N via the ﬂux. Al Mukahal et al. [44]
showed that the ﬂux (7) is given by
Q =
1
9
(
sinαβ2N+1
m3N+1
) 1
N
fN (ma) , (24)
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where fN (ma) is deﬁned by
fN (ma) = λN ×


2F1
(
1
2
,
3N + 1
N
;
7N + 2
2N
; tanh2
ma
2
)
tanh
3N+1
N
ma
2
if 0 ≤ α < π
2
,
(ma
2
) 3N+1
N
if α =
π
2
,
2F1
(
1
2
,
3N + 1
N
;
7N + 2
2N
;− tan2 ma
2
)
tan
3N+1
N
ma
2
if
π
2
< α ≤ π,
(25)
in which 2F1 denotes the hypergeometric function, and where λN is deﬁned by
λN =
18
√
π Γ
(
2N + 1
N
)
Γ
(
7N + 2
2N
) = 36B(3
2
,
2N + 1
N
)
. (26)
Al Mukahal et al. [44] plotted λN as a function of N and fN (ma) as a function of ma, and described
their asymptotic behaviour.
Unlike Al Mukahal et al. [44], who prescribed the values of Q and β to obtain an implicit equation
for the semi-width a, in the present work we prescribe the values of Q and a to determine the contact
angle β. Speciﬁcally, setting Q = Q¯ = 1 and a = a¯ in (24) yields an explicit expression for β, namely
β =
(
9Nm3N+1
fN (ma¯)N sinα
) 1
2N+1
, (27)
and h is then given explicitly by (23). We note that β (and hence the rivulet) does not have top-to-
bottom symmetry.
In the limit N → 0+ we have
β ∼


m
sinα
coth
ma¯
2
if 0 ≤ α < π
2
,
2
a¯
if α =
π
2
,
m
sinα
cot
ma¯
2
if
π
2
< α ≤ π,
(28)
and hm is then given by hm ∼ 1/ sinα. On the other hand, in the limit N → ∞ we have fN (ma) →
f∞(ma), where
f∞(ma) =


9
2
(
3ma coth2ma− 3 cothma−ma) if 0 ≤ α < π
2
,
6(ma)3
5
if α =
π
2
,
9
2
(
3ma cot2ma− 3 cotma+ma) if π
2
< α ≤ π,
(29)
and hence (27) gives
β ∼ 3
(
m3
f∞(ma¯)
) 1
2
, (30)
and hm is then given by setting y = 0 in (23).
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5.1. A narrow rivulet with a¯ ≤ π
As we have already described in Sec. 3, Figure 1 shows a sketch of a narrow rivulet with prescribed
constant semi-width a¯ ≤ π. In particular, such a rivulet can ﬂow all the way from the top to the
bottom of the cylinder.
Figure 10 shows plots of β and hm for a narrow rivulet with prescribed constant semi-width a¯ = 2
(< π) as functions of α/π for a range of values of N . Figure 11 shows plots of h given by (23) for a
narrow rivulet with prescribed constant semi-width a¯ = 2 (< π) as a function of y at various stations
around the cylinder for N = 1/2. Figures 10 and 11 illustrate that the rivulet is thick at the top and
bottom of the cylinder with both β and hm becoming inﬁnite according to
β ∼
(
9
fN (a¯)
) N
2N+1
α−
1
2N+1 →∞, hm ∼
(
9
fN (a¯)
) N
2N+1
α−
1
2N+1 tanh
a¯
2
→∞ (31)
in the limit α→ 0+, and
β ∼
(
9
fN (a¯)
) N
2N+1
(π − α)− 12N+1 →∞, hm ∼
(
9
fN (a¯)
) N
2N+1
(π − α)− 12N+1 tan a¯
2
→∞ (32)
in the limit α → π−, except in the marginal case a¯ = π, in which β = 0 at α = π and the rivulet
becomes thick with zero contact angle and ﬁnite semi-width π near the bottom of the cylinder according
to
β ∼ πκN
8
(π − α) 4N+12N+1 → 0+, hm ∼ κN (π − α)−
1
2N+1 →∞ (33)
in the limit α→ π−. Both β and hm are ﬁnite in the middle of the cylinder, satisfying
β → 2
(
18N
λNN a¯
3N+1
) 1
2N+1
= O(1), hm →
(
18
λN a¯
) N
2N+1
= O(1) (34)
in the limit α→ π/2. Stationary points of β are determined mathematically by (24) and
2 csc2 α = N
f ′N (ma)ma
fN (ma)
− 3N + 1 (35)
(obtained by diﬀerentiation of (24) with respect to α) from which it may be shown that β has a unique
minimum value, occurring on the lower half of the cylinder (i.e. for π/2 < α < π). On the other hand,
stationary points of hm are determined mathematically by (24) and
2 csc2 α = N
f ′N (ma)ma
fN (ma)
− (2N + 1) 2ma
sinh 2ma
+ 2−N (36)
(obtained by diﬀerentiation of (23) with y = 0) from which it may be shown that hm also has a unique
minimum value, but occurring on the upper half of the cylinder (i.e. for 0 < α < π/2). Furthermore,
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Figure 10: Plots of (a) the contact angle β given by (27) and (b) the maximum thickness hm given by setting y = 0
in (23) of a narrow rivulet of a non-perfectly wetting fluid with prescribed constant semi-width a¯ = 2 (< π) as functions
of α/π for N = 1/20, 1/10, 1/2, 1 (thicker curve), 2 and 10, together with the asymptotic solutions (28) in the limit
N → 0+ (dashed curves), and (30) in the limit N →∞ (dotted curves).
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Figure 11: Plots of the cross-sectional free surface profile h given by (23) for a narrow rivulet of a non-perfectly wetting
fluid with prescribed constant semi-width a¯ = 2 (< π) as a function of y for N = 1/2, at (a) α = π/20, π/10, 3π/20, . . . ,
π/2 on the top half of the cylinder, and (b) π/2, 11π/20, . . . , 19π/20 on the bottom half of the cylinder.
Figure 10 also shows that, like the variation of hm for a rivulet of a perfectly wetting ﬂuid shown in
Figure 4, the variation of β and hm is not monotonic in N at any ﬁxed value of α.
In the limit of a very narrow rivulet, a¯→ 0+, the rivulet becomes thick according to
β ∼ 2
(
18N
λNN a¯
3N+1 sinα
) 1
2N+1
→∞, hm ∼
(
18N
λNN a¯
N sinα
) 1
2N+1
→∞. (37)
5.2. A wide rivulet with a¯ > π
As we have already described in Sec. 3, Figure 2 shows a sketch of a wide rivulet with prescribed
constant semi-width a¯ > π. In particular, such a rivulet can ﬂow all the way from the top to the
bottom of the cylinder only if its contact lines de-pin at α = αdepin (π/2 < αdepin < π), where αdepin
is given by (8), and thereafter it drains to the bottom of the cylinder with zero contact angle β = 0
and slowly varying semi-width a = π/m according to the solution for a rivulet of a perfectly wetting
ﬂuid described in Sec. 4.
Speciﬁcally, at α = αdepin the rivulet has zero contact angle β = 0, semi-width a = a¯, and maximum
thickness hm = hmdepin, where
hmdepin = κN
(
(− cosαdepin)
N
2
sinαdepin
) 1
2N+1
= κN
(
πN a¯2−N√
a¯4 − π4
) 1
2N+1
, (38)
while for αdepin ≤ α ≤ π it has β = 0, monotonically decreasing semi-width a = π/m (π ≤ a ≤ a¯),
and monotonically increasing maximum thickness hm (≥ hmdepin) given by (12).
In the limit α→ α−depin we have a ≡ a¯, and ﬁnd that β → 0+ according to
β =
(
πN (a¯4 − π4)N
a¯3N−1
) 1
2N+1 κN
4
(αdepin − α) +O(αdepin − α)2 (39)
17
and hm → h−mdepin according to
hm = hmdepin +
(Na¯4 + (2−N)π4)hmdepin
2π2
√
a¯4 − π4 (α− αdepin) +O(αdepin − α)
2, (40)
whereas in the limit α→ α+depin we have β ≡ 0, and ﬁnd that a→ a¯− according to
a = a¯− a¯
√
a¯4 − π4
2π2
(α− αdepin) +O(αdepin − α)2 (41)
and hm → h+mdepin according to (40). In particular, the solutions in α < αdepin and α > αdepin join
continuously (but not smoothly) at α = αdepin.
Figure 12 shows plots of a, β and hm for a wide rivulet with prescribed constant semi-width a¯ = 5
(> π) in 0 ≤ α/π ≤ αdepin/π ≃ 0.62918 and slowly varying semi-width a = π/m in αdepin/π ≤ α/π ≤ 1
as functions of α/π for a range of values of N . Note that since a takes the constant value a¯ for all α
when a¯ ≤ π and for α ≤ αdepin when a¯ > π, and is given by a = π/m for α ≥ αdepin when a¯ > π,
the plot of a in Figure 12(a) is identical to the corresponding plot for Newtonian ﬂuid given by Figure
6(b) of Paterson et al. [25], but is included here for completeness. Figure 13 shows plots of h given by
(9) and (23) for a wide rivulet with prescribed constant semi-width a¯ = 5 (> π) as a function of y at
various stations around the cylinder, including α = αdepin ≃ 0.62918π, for N = 1/2. Figures 12 and
13 illustrate that the rivulet is again thick at the top of the cylinder with both β and hm becoming
inﬁnite according to (31) in the limit α→ 0+, and they are again ﬁnite in the middle of the cylinder,
satisfying (34) in the limit α→ π/2. However, in this case the rivulet becomes thick with zero contact
angle and ﬁnite semi-width π near the bottom of the cylinder according to (17) in the limit α→ π−.
Futhermore, Figure 12 also shows that, like in the case of a narrow rivulet described in Sec. 5.1, the
variation of β and hm is not monotonic in N at any ﬁxed value of α.
In the limit of a very wide rivulet, a¯ → ∞ (in which αdepin → π/2+), the rivulet becomes ﬂat
according to
β ∼
((
2N + 1
2Na¯
)N 1
sinα
) 1
2N+1
m→ 0+, hm ∼
((
2N + 1
2Na¯
)N 1
sinα
) 1
2N+1
→ 0+ (42)
on the upper half of the cylinder and is given by (9) on the lower half of the cylinder.
5.3. Contours plots of the free surface
Figure 14 shows contour plots of h given by (9) and (23) in the (y, α/π) plane for rivulets with
prescribed semi-widths a¯ = 2 and a¯ = 5 when N = 1/2. In particular, in the latter case the contact
lines de-pin at α/π = αdepin/π ≃ 0.62918.
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Figure 12: Plots of (a) a, (b) β and (c) hm for a wide rivulet of a non-perfectly wetting fluid with prescribed constant
semi-width a¯ = 5 (> π) in 0 ≤ α/π ≤ αdepin/π ≃ 0.62918 and slowly varying semi-width a = π/m in αdepin/π ≤ α/π ≤ 1
as functions of α/π for N = 1/20, 1/10, 1/2, 1 (thicker curve), 2 and 10, together with the asymptotic solutions (28) in
the limit N → 0+ (dashed curves), and (30) in the limit N →∞ (dotted curves).
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Figure 13: Plots of the cross-sectional free surface profile h given by (9) and (23) for a wide rivulet of a non-perfectly
wetting fluid with prescribed constant semi-width a¯ = 5 (> π) as a function of y for N = 1/2 at (a) α = π/20, π/10,
3π/20, . . . , π/2, and (b) π/2, 11π/20, . . . , 19π/20 and α = αdepin ≃ 0.62918π.
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Figure 14: Contour plots of the free surface h given by (9) and (23) in the (y, α/π) plane for rivulets of a non-perfectly
wetting fluid with prescribed semi-widths (a) a¯ = 2 and (b) a¯ = 5 when N = 1/2. In each case the contours are drawn
at intervals of 1/5 up to a maximum h = 10, together with the contours (a) h ≃ 1.25136 and (b) h ≃ 0.97273 that pass
through the saddle points of h, marked with dots. In (b) the contact lines de-pin at α/π = αdepin/π ≃ 0.62918.
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Figure 15: Plot of the mass of a rivulet of a non-perfectly wetting fluid, M , given by (43) as a function of a¯ for
N = 1/10, 1/2, 1 (thicker curve), 2 and 10.
5.4. The mass of the rivulet
Whatever the value of a¯, the mass of the rivulet is given by
M =
∫ π
0
∫ a
−a
hdy dα =
∫ π/2
0
2β(ma cothma− 1)
m2
dα+
∫ π
π/2
2β(1−ma cotma)
m2
dα (43)
(although care must, of course, be exercised to evaluate the second integral correctly when a¯ > π).
Figure 15 shows a plot of M given by (43) as a function of a¯ for several values of N , showing that
M increases monotonically with a¯. In particular, in the limit of a narrow rivulet, a¯ → 0+, M → 0+
according to
M ∼
(
25N+2a¯N+1
3λNN
) 1
2N+1
CN → 0+, (44)
whereas in the limit of a wide rivulet, a¯→∞, M →∞ according to
M ∼
(
(2N + 1)N a¯N+1
2NNN
) 1
2N+1
CN →∞, (45)
where the constant CN in both (44) and (45) is deﬁned by
CN =
∫ π
0
dα
(sinα)
1
2N+1
=
√
π Γ
(
N
2N + 1
)
Γ
(
4N + 1
2(2N + 1)
) = B(1
2
,
N
2N + 1
)
. (46)
Figure 16 shows a plot of CN as a function of N , illustrating that CN decreases monotonically with
N , satisfying CN ∼ 1/N → ∞ as N → 0, CN =
√
π Γ(13)/Γ(
5
6) ≃ 4.20655 when N = 1 (in agreement
with equation (10) of Paterson et al. [25]), and CN → π+ as N →∞.
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Figure 16: Plot of CN given by (46) as a function of N , together with its asymptotic value π in the limit N →∞.
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Figure 17: Plot of the mass of a rivulet of a non-perfectly wetting fluid, M , given by (43) as a function of N for a¯ = 1/2,
1, 2, 5 and 10. The horizontal dashed lines denote the constant asymptotic values in the limit N →∞.
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Figure 17 shows a plot of M as a function of N for several values of a¯, showing that M decreases
monotonically with N from ∞ to a (nonzero) a¯-dependent constant asymptotic value in the limit
N →∞.
6. Conclusions
In the present work we described the ﬂow of a slowly varying rivulet of a power-law ﬂuid with
prescribed constant width (i.e. with pinned contact lines) but slowly varying contact angle down a
slowly varying substrate, speciﬁcally the ﬂow in the azimuthal direction around the outside of a large
horizontal circular cylinder.
We obtained the solution for a rivulet of a perfectly wetting ﬂuid (which can never have constant
width), and showed that, despite having the same local behaviour, the global behaviour of a rivulet of
a non-perfectly wetting ﬂuid is qualitatively very diﬀerent from that described by Al Mukahal et al.
[44]. Speciﬁcally, we described how (as sketched in Figure 1) the contact lines of a suﬃciently narrow
rivulet with a¯ ≤ π can remain pinned as it drains all the way from the top to the bottom of the
cylinder, but how (as sketched in Figure 2) the contact lines of a wider rivulet with a¯ > π de-pin at
α = αdepin on the lower half of the cylinder, and how thereafter it drains to the bottom of the cylinder
with zero contact angle β = 0 and slowly varying semi-width a = π/m.
How the shape of the rivulet and the velocity within it depend on the power-law index N was
described in detail. In particular, we showed that whereas neither h nor u vary monotonically with N
at any ﬁxed value of α, its mass is always monotonically increasing in a¯ but monotonically decreasing
in N .
Despite the limitations of the power-law model, the present results provide rare analytical insight
into non-Newtonian rivulet ﬂow, and, in particular, are a useful benchmark for the study of rivulet
ﬂow of more realistic non-Newtonian ﬂuids.
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